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1 Physics

A Naughty Brother

1. On a family picnic, you and your senior brother are taking alternate shots of
football on a level ground.

a. Your brother kicks it with initial velocity u such that the area under the trajectory
of the ball is maximum. Write the expression for time period, and determine the
angle at which he kicked the ball. [3]

b. You happily bring back the ball as it is your turn now. At which maximum angle
can you kick a ball so that its distance from you never decreases during the flight? [3]
c. After your kick, your brother orders you to bring back the ball. You reluctantly
obey. As you reach the ball, you see your brother shouting to do it fast. Angered,
you begin pumping out the air at the rate of 0.8 liters/s so that it is lose for your
brother’s kick. How soon will the pressure in the ball decrease by 100 times? (Assume
no change in the ball’s volume of 6 liters) [4]

Solution

a. Maximum Trajectory Area

let # be the angle at which the ball was thrown. At any instant t, the coordinates of the
ball’s position are

x=ucosft

y= usinft-3 gt

time of flight (T) = %

At small time dt, the horizontal displacement, dxr = ucosfdt Now,

The area under the trajectory can be obtained as below

A= fOT ydx

A:fOT(usinGt—% gt?)ucosOdt
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Solving we get,

_ 2utsind0
A = e’

Differentiating with respect to 6 and setting the derivative equal to zero, we get

Tanb = /3
.. 60 =60° is the required angle at which your brother kicked the ball.

b. Ball’s Distance Always Increasing

let 6 be the required angle. At any instant t, the coordinates of the ball’s position are ucosft
and usin@t—% gt?

If D is the distance from the point of projection, then

D? = u?cos?0t* + u?sin?0t* — 2usindt.Lgt* + ;g*t*

D? = u?t* — usinfgt® + ;g*t*

Differentiating with respect to t and setting the derivative equal to zero we obtain,

g*t? — 3usinfgt + 2u* = 0

It is the quadratic equation it t. If the determinant is zero or negative, the distance is always
increasing. For the maximum angle, we set it equal to zero.

(—3usinfg)® — 4.9%.2u® = 0

or, sinfl = %

.0 =70.53° is the required angle.

c. Pressure Decreased by 100 Times

Given,

Volume of ball (V)= 6 liters

Pumping rate (C)= 0.8 liters/s

% =1 =100

let initially p be the density of gas. After small time dt, the density becomes p + dp, where
dp is essentially negative as the density decreases.

Using mass conservation,

V.p=V.(p+dp)+ Cdt.p [Since, V is constant]

or, Vdp = —Cpdt

or, % = —%dt

Since, P o p [Assuming the process to be slow and isothermal]. Then,

P _ _C
Integrating,

Pragp _ _C t
PPV fo dt
or, ln% = —%t

P, _C

or, l"Ff = vt
or,lnn = %t
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- Inn.V
.. C
Putting n = 100, V= 6 liters and C= 0.8 liters/s we get,

t = 34.54 seconds
.. The pressure in the ball will decrease by 100 times in 34.54 seconds.

Proposal Went Wrong!

February 13:

You are in love with your junior who is 3 years younger than you. Tomorrow you are
proposing her with a ring you have recently bought. Being a physicist, you are less
focused on proposing skills and more on studying the ring.

a. You uniformly charged it with ¢, and wanted to place an electron at its center. So,
you synthesized an electron with a beta minus (67) decay. Write the decay equation
and calculate the energy released. [1]

b. Now your electron is at the center of the ring of radius a. After you displaced it
by a small distance x along the axis (x< a), find the expression for the frequency of
oscillation. [3]

c. You have assumed the ring to be very thin. Dissatisfied, you measure its outer as
well as the inner radius a and b respectively, and also weighed its mass. Then you
noted the measurements as below and did some calculations:

M=0.015 £0.001 kg

a=18+1 mm

b=134+1 mm

What was the moment of inertia of the ring about an axis through the center and
perpendicular to the plane of the ring? Also, present its estimated error. [142]

February 14:

Blimey, she rejected you! (You should have worked on your proposing skills) Broken,
you wanted to leave this earth.

d. You travelled outward from earth for 2 years and back for another 2 years (both
intervals as you measure them) with a constant speed parameter 5 of 0.997 (relative
to earth). What will be the age difference between you and her after you return? [3]

Solution

a. Decay Equation

In beta minus (57) decay, a neutron disintegrates into a proton, electron and a neutrino.
n—p+e +v
Energy Released = (Sum of masses in LHS - Sum of masses in RHS)* C?
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b. Frequency of Oscillation

Consider an element of the ring of length ds.

It contains a charge

dQ 27ra
So the electric field at a distance r is
dE = 27mq47relor2

-“

dE,

i
)
"‘*—-ﬁ,______ i

o

dE = qds

8m2ae T2

The field dE acts in the direction «, and it can be resolved into a component dE cosa
along the axis and dE sina perpendicular to it. When we integrate round the entire ring,
the perpendicular components will cancel out by symmetry. So, we only need to consider

the components parallel to the axis. Thus,

E= g7,z cosl f 2me

87r2ae

E = qcosf

Ame,r?

Now we can express both cosf and r? in terms of x and a

r? = a? + 22

— r __ x
costh = T = ==

So we can write E as a function of x as follows:

E=—&

4res(a2+a2)3/2

Considering the motion of an electron near the center of the ring, we can see that the electric
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field E varies approximately linearly with x :

B~ 25 [Since, v < a]

Since the electron has charge -e, the force acting upon it is given by

_ — Lz
F= 47re a3 T =M gz

This is the equation of simple harmonic motion, and hence angular frequency w is given
by

2 qge
W™ = dme,adm

Since w = 27 f, we get

f = ,/m, which is the required expression for the frequency of oscillation of

electron.

c. Moment of Inertia and Error

Moment of Inertia of the ring (I) is
Y(a®+ %)
Using the value of M, a and b we obtain

= 3.69 % 107% kg m?
The fractional error in I is given as

dI AM (A a +b2))
= a1 b2

(2aAa)?+(20Ab)2)
#:W%m )

d. Age Difference Between You and Her
Aoy = Aiyou) = 4 (1)

Af(her) - Ai(her) = 4’)/ (2)

where,

S D
1T e Viome 12.91
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Let the age difference between you and her after you return to earth be x. Then
Af(you) = Af(her) — = and
Ai(you) = Ai(her) +3

Using these information in equation (1) we get,
Af(her) - T — Ai(her) —-3=4
or, 4y — x — 3 = 4 [From equation 2]
or,x =4y —-7=4%1291 -7
oo =44.68
Thus, she will be 44.68 years older than you after your return. You definitely wouldn’t
want her now. See, physics heals everything!

Binary Star System

Two stars with masses M; and My are in circular orbits around their center of mass.
The star with mass M; has an orbit radius R; and the star with mass M5 has an orbit
radius R,.

a. Prove that Ry/Ry = My/M; [ 1]

b. Explain why the two stars have the same time period, and find the expression for
time period in terms of Ry, Ry, M; and M. [1.5+2.5]

c. Find the distance between the components of the binary system in terms of total
mass M and time period T. [3]

d. How much energy will be required to separate the two stars to infinity? [2]

Solution

a. Proof

let’s assume the center of mass to be at origin. Then
0 _ M1(7R1)+M2R2
o Mi+Ma

Rl/Rg = MQ/Ml Proved.

b. Time Period

The force experienced by both the stars is same (since it is a mutual force) and this force is
the centripetal force. So

le%Rl == MQW%RQ
From above proof, My Ry = MsRs
So

2 _ 9
W1 = Wy
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ST =T,
The force experienced by each stars is given by:
F = G M Mo

(R1+R2)?
For star 1

2 _ _GM M.
lelRl —_— ( 12

R1+R2)?
or 47°R1 . GMy
9 T2 - (R1+R2)2
472 Ry (R1+R2)?
_',T2M2: %l 1(G1+ 2)
Similarly,

4 2 2
T2M1 _ 4r Ro(R1+R2)

Adding these two terms for time period, we get
T2(M1 + M2) _ 47r2(R1+R2G)(R1+R2)2

o T = LR

, which is the required expression for the time period of binary star
G(M1+M2)

system.

c. Distance Between the Components

From above expression of time period
- 27T(R1+R2)3/2

B \/ G(M1+M2)
So

T+/G(M1+M:
(Ry + Ry)3/2 = TVEGNHIR)

SR+ Ry = ¢/ G4M7T2TQ is the required distance between the components of the binary star

system, where M=M; + M.

d. Energy Required to Separate the Stars to Infinity

Let E be the energy required to separate the stars to infinity. Then,
Ki+Ui+E=Ky+ U,

At infinity, Ko =0 and Uy, =0
So

E:—Kl—Ul

B = _% My ( 2”;21 )2 — %Mg( QWTRQ )2+ (Cz;:z]ﬁ}]\%) is the required expression for energy required

to separate the binary stars to infinity.



